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We discuss D-braneworld cosmology, that is, the brane is described by the Born-Infeld action. 
Compared with the usual Randall-Sundrum braneworld cosmology where the brane action is the 
Nambu-Goto one, we can see some drastic changes at the very early universe: (i)universe may 
experience the rapid accelerating phase (ii)the closed universe may avoid the initial singularity. We 
also briefly address the dynamics of the cosmology in the open string metric, which might be favorer 
than the induced metric from the view point of the D-brane. 
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I. INTRODUCTION 



One of the motivation for the braneworld is originated 
by the genius of a D-brane, that is, open strings describ- 
ing the Standard Model particles stick to the brane. So 
if one is serious about this, we must employ the effective 
action for the D-brane, the Born-Infeld action, not the 
Nambu-Goto membrane action[l|. In the presence of the 
matters on the brane, the difference between the above 
two actions will appear. 

The simplest braneworld model was proposed by Ran- 
dall and Sundrum0,Q and subsequently extended to the 
cosmology by many peoples jjlSQ However, the action 
for the brane is often assumed to be the Nambu-Goto ac- 
tion and the action for the matters on the brane is simply 
added by direct sum. In this paper we explore the cos- 
mology on the D-brane (Related to the tachyon condensa- 
tion, the tachyon matter on the brane has been also con- 
sidered in the braneworld 0). As seen soon, our starting 
point is the 5-dimensional Einstcin-Hilbert action plus 
the Born-Infeld action (we call this D-braneworld). Then 
we consider the radiation dominated universe on the D- 
brane. In this situation the brane action is described by 
Born-Infeld one where the matter term is automatically 
included. 

Here reminded that there is a non-trivial aspect for the 
interpretation on the D-brane. According to Seiberg and 
Witten||], the metric for the gauge field on the brane is 

given by 9^ v — g^v — (27ro: / ) 2 (F 2 ) Miy , not just the induced 
metric g^y. F represents the field strength of the gauge 
fields on the brane. For this we will discuss the cosmology 
in the both metric. See Ref. for the causality issue. 

Another motivation to think of the D-braneworld is the 
magnetogenesis in the very early universe (See Ref. [JJj 
for the comprehensive review and references) . The coher- 
ent magnetic field over the horizon scale currently has the 
limit B < 1 CP 9 Gauss from the cosmic microwave back- 
ground anisotroDv|ll|. If such magnetic field with long 
coherent length actually exists, we must seek for its pri- 
mordial origin, especially in the inflating stage of the uni- 
verse. It is well-known that the magnetic field cannot be 
generated due to the conformal invariance of the Maxwell 



theory in four dimension |l2j. But, the conformal invari- 
ance is broken due to the non-linearity in the Born-Infeld 
theory. Thus we might be able to have a magnetogenesis 
scenario during the inflation on the D-braneworld. 

The rest of this paper is organized as follows. In Sec. ITU 
we describe the setup for D-braneworld. We also com- 
ment on a holographic aspects in the D-braneworld. In 
Sec. IIIII we will focus on the radiation dominated cos- 
mology in the induced metric. First, we will average the 
energy-momentum tensor over the volume to obtain the 
equation of state. And then we will see that the uni- 
verse may be accelerating at the very early stage and the 
closed universe could avoid the initial singularities. In 
Sec. IIVI we briefly reconsider the cosmology in the open 
string metric. In Sec. Ivj w e give the summary and dis- 
cussion. See Refs. [Tj, [Tj, [Hj for other issues on the 
Born-Infeld cosmology /black holes and Ref. 0] for the 
D-brane effect in the different context. 



II. SETUP 

The total action is composed of the bulk and the D- 
brane action: 



S — Sbuii 



?BI, 



(1) 



where Sbuik is the 5-dimensional Einstcin-Hilbert action 
with the negative cosmological constant and Sbi is the 
Born-Infeld action for a D-brane: 



5bi — 



d A x 



y J-det{g llv + (2na')F ltv ), 



(2) 



where F^ v is the field strength of the Maxwell theory 
on the brane. So F^ v will correspond to the cosmic mi- 
crowave background radiation if one thinks of the ho- 
mogeneous and isotropic universe as discussed later. In 
the Born-Infeld action the matter part is automatically 
included. In the usual braneworld, on the other hand, 
we assume that the action on the brane is given by the 
Nambu-Goto action, Sng ~ ~ a J d 4 y/—g, plus the mat- 
ter action Setter, in particular, Setter oc / d 4 x^/^gF 2 
for the Maxwell field on the brane. 
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In four dimensions «Sbi becomes 



and 



•Sbi 



l-i(2W) 2 Tr( J F 2 ) 



i(2W) 4 (Tr(F 2 )) 2 -i(2W) 4 Tr(^i 



n 1/2 



d A x 



l-i(2W) 2 Tr(F 2 ) 



+ l(2W) 4 (Tr(F 2 )) 2 - l(2W) 4 Tr(F 4 ) 



+0(a' b ) 



(3) 



From the first to the second line we expanded the square 
root and wrote down the expression up to the order of 
0(a ). For the practice and simplicity, hereafter, we em- 
ploy this approximated action to discuss the whole his- 
tory of cosmology. Since the action for self-gravitationg 
D-brane is not still known, the present treatment is con- 
servative. The energy-momentum tensor on the brane is 
given by 



(BI) 
T fJ,LS 



-0-flV + 47rcr(27ra')- T ^ 



iCT (2W) 4 Tr(F 2 ) 



<j(2ira') 4 



(F 4 W ~ ^Tr(F 4 



T, 



(4) 



where 



Euu — CuauBn a n^ 



(10) 



In the above we supposed the Randall-Sundrum fine- 
tuning, that is, 



1 K 1 

7 = V 7 ' 



(11) 



where t is the curvature length of the five dimensional 
anti-deSitter spacetime. Under this tuning, the net- 
cosmological constant on the brane vanishes. We stress, 
however, that the tuning is not necessary for the discus- 
sion in this paper. 

In general the above system is not closed on the brane 
except for the homogeneous-isotropic universe due to the 
presence of a part of the five dimensional Weyl tensor 
E^ v . In the weak field limit, we can check that the four 
dimensional Einstein gravity can be recovered|l7). 

Finally, it is worth noting that the trace-part of -k^ u is 
related to the trace part of as 



4 ? 4 

-< = ~T% = -- 
3 £ 12 



Tr(F 4 )-l(Tr(F 2 



.(12) 



This is a realisation of the holography in the braneworld, 
that is, 71"^ represents a part of the quantum correction 
to the electromagnetic field theory. This is because the 
Born-Infeld theory is a sort of phenomenological one for 
the quantum electrodynamics |l8j. In some cases we can 
show that n^i is identical to the trace-anomaly of the 
quantum field theory on the brane p^ll20l|. 



(om) 

T u 



-in 



F a F 



1 



F n «F a P 



(5) 



Hereafter we call the energy-momentum tensor of 

the Born-Infeld matter. To regard the above T ^ as 
the energy-momentum tensor of the usual Maxwell field 
on the brane, we set 

cr(27ra') 2 = 1. (6) 

At the low energy limit T^ v becomes T^ v ~ 

(em) 

~ cr .9/^i/+ T which is often used in the usual 
braneworld. 

Since we are interested in what happens on the brane, 
it is useful to consult with the gravitational equation on 
the brane 3 (See also 0): 



(4) G F = 8irGT^ + K 4 n^ - E^, 



(7) 



where 



III. COSMOLOGICAL MODELS 

Let us focus on the homogeneous and isotropic uni- 
verse. For simplicity, we consider the single brane model. 
Then the metric on the brane is 



ds 2 = -dt 2 



a 2 (t)jij dx l dx-i , 



(13) 



where 7^ is the metric of three dimensional unit sphere 
or unit hyperboloid or flat space. In this case we know 
E^ = a~ 4 diag(3/i, — fi, —fi, —fi) and /1 is proportional 
to the mass of the five-dimensional Schwarzschild-anti- 
deSitter spacetime which is the bulk geometry. Moreover, 
the gravitational equation is closed on the brane, that is, 
it is completely written in terms of the four dimensional 
quantities on the brane. From now on we set fx = 
which means that the bulk geometry is exactly the anti- 
deSitter spacetime |21|. Thus, the modified Friedmann 
equation becomes 



(8) 



K K 2 K 

^Pbi + ^Pbi-^, 



(14) 



24* 



(9) 



and 



a 
a 



6£ 



(pbi + 3P B i)-^Pbi(2pbi + 3Pbi). (15) 
3d 
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By defining the electric and magnetic fields by 



and 



E l =F Q \ and B l 



-f ijk F i 

O fc r 3 k ' 



(16) 



T M „ can be rewritten as 
1 



Tt 



oo 



' 12 



(E 2 - B 2 ) 



E 1 



1 



(E 2 -B 2 ) 



12~ 



(E 2 - B 2 ) 



(17) 



(18) 



and 



E l E J +B l B J --g lJ (E 2 + B 2 ) 



~12 



(E 2 - B 2 ) 



EiEj + B L Bj — B 2 gij 



-g l3 (E 2 -B 2 ) 



—gij(E k B 



k \ 2 



(19) 



Since we identify the Maxwell field as the background 
radiation, the energy density and the pressure of the 
Born-Infeld matter should be evaluated by averaging over 
volume as 221 



Pbi := 



(Too) 

\(E 2 + B 2 ) 

+ — (E 2 
12 V 



30 



-BE 



B 2 



I^ 2 



B 2 



(20) 



and 



Pbi 



(E 2 + B 2 



~36~ 



-BE 



- — (E 2 ~B 2 )(E 2 ~5B 2 ). 
144 V A ; 



(21) 



We assumed that the E t and Bi are random fields and 
the coherent lengths are much shorter than the cosmo- 
logical horizon scales. In the above we assumed (EiEj) = 



(l/3)g rj E 2 , (BiBj 



(l/3)g^B 2 , (Ei_ 



(Bi 



and 



(EiBj) — which are natural in the homogeneous and 
isotropic universe. In addition, it is natural to assume 
"equipartition" 0: 



E 2 (t) = B 2 (t) 



(22) 



Thus the energy density and the pressure are simply 
given by 



Pbi 



(23) 



Ft 



BI 



K 2 e 

36 ( 



(24) 



By combining Eqs. I)23|) and (|24|) . we obtain the equation 
of state 



-Pbi = (-TBI - 1)pbi, 
with an effective adiabatic index 



1 



7bi = 77 



3 1 _i_ K e * 

6 1 + ~w e 



(25) 



(26) 



At the low energy scale such e <C 36/k 2 £, the Born-Infeld 
matter behaves as just radiation fluid with jbi ~ 4/3 
and pbi ~ (1/3) Pbi- Note that the Born-Infeld matter 
looks like the time-dependent cosmological constant if the 
second terms are dominated, i.e., jbi ~ 0. 

Now we have the equations of motion (|14|l and 1)15(1 and 
the equation of state H25|) for the Born-Infeld matter. It 
should be noted that these equations can be scaled by 
defining new variables t :— t/£, K := K£ 2 , e := k 2 £e, 
Pbi ■— K 2 £p B i and P BI :— n 2 £P B i- We can see the 
scale factor dependence of the energy density using the 
energy-conservation law, pBi + 3£f(pBi + -FBi) = 0, on the 
brane: 



1 



18 ' 



e = -AHe. 



(27) 



It is easy to integrate the above equation and then 



ee « 



(28) 



See Fig. Q for e. Therein we also draw the ordinary ra- 
diation case of e oc a~ 4 . In the early universe, the Born- 
Infeld matter is significantly suppressed compared to the 
ordinary radiation fluid. We would stress that the drastic 
changes from the ordinary braneworld come from these 
features of the equation of state and the scale factor de- 
pendence of the energy density e. For example, if one 
considers the radiation dominated cosmology in the ordi- 
nary braneworld, the correction terms to the Friedmann 

2 

equation will be given by 7r^, = ( — 1,1,1,1) and it will 
not play role as a vaccum energy. 

Here note that the matter does not always satisfy the 
"strong energy condition" p + 3P > 0. For the D-brane 
matter, 



k 2 £ 

Pbi + 3-Pbi = 2e - — e 2 , 
lo 



and 



2p B i + 3P B i = 3e 



K 2 e 



(29) 



(30) 



When 7 BJ < 2/3, i.e., e > 36/n 2 £ ~ 
(10 3 GeV) 4 (Af 5 /10 8 GeV) 6 , the "strong energy con- 
dition" is presumably broken [2 5j. Thus the universe is 
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Fig.l 
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FIG. 1: The log-plot of e. The horizontal axis is the scale 
factor. The dotted line is the case of the ordinary radiation 
fluid. The solid line is the case of the Born-Infeld matter. 
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FIG. 3: The behavior of the scale factor of the closed (solid 
line), flat (dashed line) and open (dot-dashed line) cases in 
the D-braneworld. We also plot the 4-dimensinal case with 
the BI matter for the closed universe (dotted line). 



Fig.2 
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FIG. 2: The potential profile of V(a) := VI 2 . The potential 
has the minimum and vanishes at a = 0. We also plot the 
4-dimensinal case with the BI matter (dashed line). 

accelerating during such period, a/a > 0. Furthermore, 
we have the opportunity that the initial singularity can 
be avoided. 

To see the quantitative feature of the dynamics of cos- 
mology it is useful to write down the generalized Fried- 
mann equation as usual: 

a 2 + V(a) = -K, (31) 

where 

n 2 ( n 2 £ \ 
V(a) ■.= -— a 2 p BI \l + —p m j. (32) 

See Fig. |21 for the potential profile. Surprisingly, there 
is the minimum. In addition, as shown analytically, the 
potential is zero at a = 0. Let us look at around a = 0. 



e can be approximately solved as 

~ -41oga. (33) 

We can see that the potential, indeed, is zero at a = as 
seen in Fig. [21 In the current approximation, we see 

y(a)~-^a 2 (loga) 4 -,0, (a - 0). (34) 

As a result the closed universes is bounced around a = 0! 
The flat or open universe has the initial singularity. Near 
a = 0, the behavior of the scale factor in the flat universe 
becomes 

a(f)~e - 3St, (35) 

and then a/a ~ -gfg-pi > 0, that is, the universe is accel- 
erating. The bouncing behabior of the closed universe is 
owing to the existence of the BI field as we can observe 
the similar form of the potential without the quadratic 
terms 7r^, in Fig. [2J As we will see soon, however, the 
quantative behavior of the scale factor is quite different 
eqpecially around the bouncing, where the energy density 
becomes large. 

For e <C 36/n 2 £, as should be so, the universe is de- 
scribed by the ordinary radiation dominated model. See 
Fig. Olfor the behavior of the scale factor. 

IV. COSMOLOGY IN STRINGY VIEW 

So far we investigated the D-braneworld in terms of 
the induced metric g^ v . For the gauge field on the brane 
like photons, however, the propagation of the field is de- 
scribed by the metric 

V=V-( 2 ™') 2 ( f2 W- (36) 



5 



Hence it is fair to consider the gravitational equation and 
cosmology in terms of <? M „. In the case of the radiation 
dominated universe, the corresponding metric is given by 

ds 2 = <?„„ dx^dx" 



dP 
1 - 



a(t) "fijdx l dx 3 1 
(2W) 2 ((F 2 ) 00 ) 



dT 



s ,-(2W) 2 ((n 3 ) 



dx l dx 3 , 



( I — < )dl 2 



+a z ( 1 + — e )^ijdx l dx°, 



(37) 



where t and d(t) are the cosmic time and the scale factor 
of the open string metric, respectively. As discussed in 
Ref. 0, the light-cone with respect to the open string 
metric is smaller than that in the induced metric. Let 
n M to be null vector for the induced metric. For the 
concreteness, n = dt + (l/a)d x . Then 



9^ n^n v 



-{2na') 2 (F 2 )^n», 
2k 2 £ 



-e > 0, 



(38) 



and this means that n is the spacelike in the open string 
metric. 

We point out that the singularity appears at the finite 
value of e = e c := -^j. The physical energy measured also 
diverges because it is proportional to X/^/l — K 2 £e/12. 
Anyway the universe evolves keeping e < e c . This means 
that there is no drastic changes in the open string met- 
ric, but slight modifications from the ordinary radiation 
dominated universe. 

At first glance, we cannot examine the interesting re- 
gion where the feature of Born-Infcld becomes essential. 
However, it might be better to say that this is because of 
the limitation of the stringy metric. 



V. SUMMARY AND DISCUSSION 

In this paper we have considered the Randall-Sundrum 
D-braneworld cosmology. Therein the matter on the 
brane is described by the Born-Infeld action. As a 
first step, we considered only the U(l) gauge field and 
treated it as a sort of radiation fluids. Then we exam- 
ined the radiation dominated universe on the D-brane. 



We found that the strong energy condition is broken in 
the very early stage and the universe is more acceler- 
ated than the ordinary inflation. Furthermore the ini- 
tial singularity is avoided in closed universes. Thus we 
can conclude that we have the different history about 
the early stage from the ordinary braneworld scenario 
if we are living on the D-brane, not on the Nambu- 
Goto membrane. In the acceleration phase, the ra- 
tio of the two scale factors at different times is given 

by a(tf)/a(ti) ~ e~ (ei ~ ef > . For the horizon problem 
a(t f )/a{ti) > 10 13 x (100km/s/Mpc/£/o)(?7l0 3 GeV) is 
required. Then if -^Ae > 30 the horizon problem is 
solved. However, the origin of the density fluctuation is 
not provided just in this scenario. 

We should remark that we employed the approximated 
action in the second line of Eq. © . We discussed the high 
energy regime where the expansion is broken and the 
approximated action may not be appropriate. Without 
such approximation, however, we must treat the infinite 
series expansion due to the volume averaging. Although 
our treatment contains this kind of problem, we could 
obtain the important tendency. The future improvement 
for the treatment of the higher derivative terms is desired. 

We also addressed the D-braneworld in the open string 
metric, that is, stringy view. As a result, the singularity 
appears just at the time when the non-trivial effects of 
the D-brane are dominated. In this sense we might not 
be able to expect the significant contribution from the 
D-brancworld specialties in the stringy view. 

Since we obtained the nature that the Born-Infcld mat- 
ter contains vacuum/dark energy part, the current accel- 
erating universe can be explained in the D-braneworld 
without introducing the additional exotic fields like 
quitessence. 
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